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Direct Strain Measure for Large-Deformation
Analyses of Beam Structures

Jin Mitsugi*
NTT Radio Communication Systems Laboratories, Yokosuka 238-03, Japan

A nonlinear kinematics called the direct strain measure is proposed for large deformation and finite rotation
analyses of a two-node Timoshenko beam. The kinematics extracts pure elastic deformations without deriving
any virtual frame to describe rigid body motion. Internal force and stiffness matrices are derived to constitute
a Newton's method for finding the solution. Computational results show that the present method is valid for
Timoshenko beams whose relative angular displacement in an element is less than 0.5 rad.

I. Introduction

M ANY types of space structures involve beams as structural
components. In single-beam applications, such as space teth-

ers and wire antennas, the beam is long and, therefore, flexible. As
such, it would be difficult to presume that the deformation of the
beam is infinitesimally small. Consequently, linear analysis is not
applicable. This is also true for beams in truss structure type appli-
cations when deployments or slewing maneuver types of motions
are applied. As such, a precision analysis on beam structures must
have the capability to handle large deformations. Even if the defor-
mation is large, the resultant strains can be assumed to be small in
most practical applications.

The difficulty of analyzing beams exhibiting large deforma-
tion but small strain stems from the need to derive a kinematics
(displacement-strain relation) valid for large deformations and fi-
nite rotations. Atluri,1 lura and Atluri,2'3 and Crivelli4 employed the
Green strain tensor for analyses. References 5-7 used a convected
frame to describe the strain tensor. Hodges8 used polar decomposi-
tion to eliminate the rigid body rotation and applied the Jaumann-
Biot-Cauchy strain tensor. Using these tensor analyses, special at-
tention must be paid to the physical interpretation of tensor elements.
Different from the tensor oriented approach, in Refs. 9-11 a method
is presented in which the strains are measured from a virtual frame
which is assumed to describe the rigid body motion of elements.
Rankin and Brogen12 presented the projector matrix method to ex-
tract pure elastic deformation. These corotational methods give di-
rect physical interpretation of the analytic process. The core issue in
the corotational methods is the validity of the corotational frame.

In the course of developing a simple method to generate an accu-
rate corotational frame, the author found the possibility of extract-
ing pure strains without introducing any corotational frame. The
motivation was a large-deformation analysis of rod elements. The
elongation strain €xx of largely deformed rod element is given13 as

= (\X2-Xl\-L)/L (1)

where X\ and X2 are the terminal positions of the rod element in
the inertial frame and L is the undeformed length of the element.
In this case, the strain is measured from the deformed geometry
without introducing any virtual frame. This is the basic concept of
the direct strain measure (DSM). It is, of course, possible to measure
the elongation strain after setting up a corotational virtual frame, but
an unnecessary ambiguity occurs at the determination of the frames
perpendicular to the rod orientation.

This paper presents a finite element method based on DSM for
a two-node Timoshenko beam model. The paper is organized in
the following manner. In Sec. II, strains determined with DSM are
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presented. In Sec. Ill, the first and second variations of strain are
derived to yield the internal force and the tangent stiffness matri-
ces. They are used to determine the equilibrium condition using
Newton's method for solution finding. Computational examples are
presented in Sec. IV to demonstrate the basic performance of the
proposed method.

II. Nonlinear Kinematics Using
Direct Strain Measure

This section deals with the kinematics of DSM for two-node
Timoshenko beams subjected to small strain and large deformation.
The deformed geometry of a beam is described in terms of nodal
displacement and finite rotation. Warping of the cross section is not
taken into consideration. In the proceeding subsections, it will be
eventually shown that four strain components, elongation, bending,
torsion, and transverse shears, for a Timoshenko beam can be de-
rived without introducing a virtual frame to describe the rigid body
motion of beam elements.

A. Geometry Definition
Three coordinate frames are introduced for the formulation:

global, elemental, and nodal frames. The global frame is fixed to the
inertial space. Translational displacements of the node are described
in this frame. The elemental frame is fixed to the element to describe
an arbitrary material position in an element. It should be noted that
the relation between the global and the elemental frame after de-
formation need not to be established when DSM is employed. The
nodal frame is fixed to each node. It is assumed that the elemental
and nodal frames coincide only at the initial state. The initial el-
emental and nodal jc axes parallel the element's longitudinal axis
(Fig. 1). For brevity, it is also assumed in the following formulation
that the initial elemental frame coincides with the global frame, but
this is not a requirement for the formulation. Let Xit Qi(i = 1,2),
and £ denote the terminal nodes position vector after deformation
in the global frame, the Euler parameter for the terminal nodes to
describe the rotational transformation from the initial nodal frame
to the deformed orientation, and the cross-sectional coordinate in
the elemental frame, respectively. The cross-sectional coordinate is
generalized as

(2)

The Euler parameter Qt has four components such that

(3)

and has the norm constraint of Qf Q; = 1.
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Fig. 1 Geometry definitions for the formulation.

B. Elongation Strain
Defining the nonstressed length of element as L, the elongation

strain of the element centroid is given as follows:

€a = (\X2-Xl\-L)/L

where | | denotes the second norm of a vector.

(4)

C. Bending and Torsional Strain
Since bending and torsional strains are structural interpretations

of local curvatures, efforts have been made to extract local curva-
tures from the current geometry of the elements. Since small strain
and large deformation are assumed, it is valid to stipulate that two
nodal Euler parameters in an element have little difference so that
the linear interpolation of the Euler parameters furnishes a good
approximation for rotations in midspan of the element such that

(5)

where x denotes the local coordinate spanning from 0 to L. Using
Eq. (5), the norm of the Euler parameters at midpoint, w(jc), is given
as follows:

n(x) = Q(xf Q(x) (6)

n(x) = I + 2(x/L)(QT
lQ2 - l) + x2/L2{Q2 - Q,}7 ' (Q2 - Q,}

(7)

that
can be denoted as the sum of Q\ and small deviation Ad such

(8)

Vanishing the second-order terms of Ad and recalling the norm
constraint for the Euler parameters, Eq. (7) leads to

n(x) (9)

The linear interpolation of the Euler parameters is confirmed to
be valid. In practical analyses, however, numerical normalization
is necessary because the approximation is only valid in the linear
sense, whereas actual computation entails the effect of higher order
terms and roundoff errors.

The curvature vector K is obtained by differentiating the rotational
matrix R(x) with respect to the axial coordinate jc such that

k= RT- (10)

where the tilde denotes the skew-symmetric matrix. If the rotational
matrix is described by using the Euler parameter, the curvature, K,
could be given in a vector form such that

(ii)

where the G matrix represents the following linear matrix for the
Euler parameter components14:

-q\
q\

~q\
(12)

Substituting the linear interpolation of the Euler parameter (5) into
the curvature definition (11) and after algebraic manipulations, the
curvature vector K, is given in a simple form as

q\q\- 2/L( - q\ql

= 2/L( -

- 2/L( - tfko2 + 4o<73
2 - <?

(13)

(14)

where K\, K2, and /^3 denote the torsional curvature and two trans-
verse bending curvatures, respectively. It should be noted that each
curvature component only includes the Euler parameters of the ter-
minal nodes, and the resultant curvature is constant through the
element span. This constant curvature is only attained by linearly
interpolated Euler parameters to represent rotation in midspan. The
bending strain e/, is, therefore, given as

€b = h[l TK (16)

where h\ — {1, 0, 0}. Torsional shear strains €xy and exz are given
as follows:

(17)

e' = - (18)

D. Transverse Shear
Since transverse shear strain denotes the angle between the ele-

mental centroid and the crosssection minus jr/2, the terminal trans-
verse shear €xy is given by the inner product of the normalized
centroid vector s

s =
\X2~X,\

(19)

and a normal vector attached to the local y axis of the cross section
Rth2 such that

= sTRih2 (20)

where h2 = {0, 1,0). Graphycal illustration is given in Fig. 2. Simi-
larly, the other transverse shear strain at the node is given as follows:

(21)

Transverse shear strain at the midspan of the element is derived by
linearly interpolating the terminal transverse shear strains,

€
s
xy = (1 - x/L)sTR}h2 + (x/L)sTR2h2 (22)

es
xz = (1 - x/L)sTRih3 + (x/L)sTR2h3 (23)

center of inertial frame

Fig. 2 Physical interpretation of transverse shear.
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Since the shear strains obtained from Eqs. (22) and (23) are ex-
cessively stiff for thin beams, known as shear locking in low-order
elements, one point Gaussian integration is used to compute the
internal force and stiffness matrix.

E. Kinematics of the Directly Measured Strains
The strain components for the Timoshenko beam using DSM are

summarized as follows:

L)/L

= €l
xy + €*xy = -KIT] + (1 - X/L)STRik2

+ (x/L)sTR2h2

(24)

(25)

(26)

It should be noted that DSM computes the physical strains directly
from the deformed geometry of an element.

III. Internal Force and Stiffness Matrix Derivation
The internal force due to elastic deformation and tangent stiff-

ness matrix are necessary if we are to employ Newton's method to
find either static or dynamic solutions. This section deals with the
derivation of elemental internal force and stiffness matrix.

A. Elemental Internal Force
Denoting generalized strain as 6, the strain energy stored in an

element is given in a quadratic form as

= / -ESdv (27)

where E denotes the generalized elastic modulus and f denotes
the integration over an element. For the case of axial strain €xx, the
potential energy is given as

(28)

The internal force of an element, denoted as 8n, is derived as the
variation of the strain energy such that

= I EeSedv (29)

In the case of axial strain €xxt the first variation 8exx is given as the
variation with respect to the translational displacement X and the
curvature K,

8exx = [8Xl 8X2 8*,}

__

_ (30)

where s denotes the normalized vector orienting beam centroid,

s = (X2-Xl)/(\X2-Xl\) (31)

The variation of the curvature is separated to the terminal rotational
variations 89[ and 802 such that

•=-[-G2

(32)

The transformation

(33)

is derived in Nikravesh.15 Similar procedures are taken to derive the
internal forces due to the transverse shears.

B. Tangent Stiffness Matrix
From the variation of the generalized internal force [Eq. (29)],

the tangent stiffness matrix can be derived as

+ 82ee)dv (34)

It should be noted that the first and the second terms in Eq. (34)
denote the material and the geometric stiffness, respectively. Since
8e in Eq. (34) has already obtained in the internal force derivations,
attention is focused on the derivation of the second variation of
strain 82e in the geometric stiffness. Since the basic derivations for
elongation strain related stiffness matrix and transverse shear related
stiffness matrix are similar, the derivation is presented only for the
elongation strain exx related stiffness matrix.

From the definition of the variation of the elongation strain [Eq.
(30)], the second variation of the elongation strain is given as
follows:

82exx =

82XT
2 1

IS
(35)

The following subsections elaborate on the geometric stiffness de-
rived from each of the two terms in Eq. (35), namely, the tension
stabilizing stiffness and bending stabilizing stiffness. The reason for
the nomenclature is explained in the following subsections.

L Tension Stabilizing Stiffness
After a simple algebraic operation, the variation of the segment

vector 8s that appeared in Eq. (35) is given as follows:

8s =
I

-[I-ssT]{8X2-8Xl]\X2-X,\l

A transformation matrix Xn is introduced as follows:

1Xn =

(36)

(37)

The first geometric stiffness K^ is, therefore, derived as follows:

KGt = iSXT 8XT SK,T\

(38)

(39)

- A

A
~I6aX)

0

A

A
i ^aXn

0

, o"
0

0_
I SXi

8X2

8*

where ea denotes the centroid elongation of the element,

€a = (\X2-X{\-L)/L

It should be noted here that the stiffness matrix depends on the elon-
gation of the centroid ea so that this geometric stiffness represents
the tensioning effect on the beam element.

2. Bending Stabilizing Stiffness
Since the second variation of the translational variables are equal

to zero, the remaining problem is the derivation of second variation
of the curvature vector. The first variation of the curvature vector
[Eq. (32)] is expanded to derive the second variation

4L 4L
(40)
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The second variation is derived in a straightforward manner such
that

4L 4L

In order to write the stiffness matrix in a quadratic form, a three-
dimensional internal force vector F is multiplied from the right-hand
side of Eq. (41) and the equation is modified as

3 V&WGT
16L 16L

16L
. c
**2 (42)

where operator VT(x) for a three-dimensional vectors and V(y) for
a four-dimensional vector j are defined as follows:

(43)

V(JO =

yi -yo_
(44)

Substitution of Eq. (44) into Eq. (34) yields a geometric stiffness as
follows:

'-V(GT
2F)GT

l -G1VT(F)GT
2

G2VT(F)Gl V(G\F}GT
2 802

(45)

It is shown from Eqs. (45) that this geometric stiffness exist only if
there is a bending moment in the element F resulting from the first
variation of the curvature vector. Thus, derived stiffness matrix is
called the bending stabilizing stiffness.

IV. Applications
This section presents computational examples of large deforma-

tion analyses on beam structures using DSM. The purpose of the
computation is to show that DSM-based finite element analyses
provide valid solutions. The first example is a static analysis on a
long cantilever subjected to tip moment. The second example is a
buckling analysis of a pin supported beam. The third example is the
dynamic motion of a flexible beam under pendulum motion.

A. Cantilever Under Tip Moment
The model cantilever is a solid aluminum constant cross section

beam whose length is 100 mm and diameter is 1 mm. The unde-
formed beam is located such that the beam is oriented to the x axis of
the global frame. A bending moment is applied at the tip of the beam
about the global z axis, and the beam would deform in the xy plane
of the global coordinate. The beam was discretized into 10 finite el-
ements (Fig. 3). Young's modulus of the material is 7200 Kgf/mm2

and the shear modulus is computed by using the residual bending
flexibility.16 The computation was carried out using the arc length
control Newton's method with a constant arc length of 100. The
deformation profile is shown in Fig. 4. After the computation, good
convergence of Newton's method is observed even for largely de-
formed shapes (Fig. 5). In each incremental stage, the beam deforms
with a constant bending curvature. The theoretical relation between
the curvature and the applied moment is given as follows:

= M/EI (46)

where ^ and El denote the curvature and the bending rigidity, re-
spectively. The computed relation between the curvature and the
moment is plotted together with the theoretical relation [Eq. (46)]
in Fig. 6. It is shown that the computed result agrees well with

L= 100mm

Fig. 3 Cantilever model.
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Fig. 4 Cantilever under tip moment.
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Fig. 5 Newton's method convergence profile.
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Fig. 6 Curvature in accordance with the moment.

the theoretical solution as long as the curvature is below approx-
imately 0.05 rad/mm, which means that the angular deformation
within one element is below 0.5 rad. Deviations are observed when
the curvature exceeds this value. This error stems from the curvature
approximation of Eq. (15), which essentially represents the angular
displacement A# between the terminal nodes in an element under
single axis rotation,

2 sin(A<9/2) (47)

where &0a represents the approximated deviation. The validity of
this approximation is tested (Fig. 7). It is shown that the approxi-
mation fails if the angular deformation within an element exceeds
about 0.7 rad. This criterion almost agrees with the resultant defor-
mation of one element, 0.5 rad. in the tip-moment analysis. This
approximation error limits the proposed method to those problems
where the angular deformation in an element is less than 0.5 rad.

B. Euler Buckling of a Pin-Supported Beam
The computational model is a solid aluminum constant cross sec-

tion beam whose length is 100 mm and diameter is 1 mm. One tip is
pin supported to a stationary wall and the other tip is pin supported
to a moving wall. The moving wall slides along the global ;c axis
in accordance with the applied compressive force (Fig. 8). The ini-
tial shape of the beam has small deformation: 0.50-mm deviation
at the midchord and zero deviation at the tips. Elastic moduli are
the same as in the preceding example. The computation was carried
out by using the arc length control Newton's methods with a con-
stant arc length of 10. The beam was discretized into 10 elements.
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Fig. 10 Pin-supported beam under a compressive force.
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Fig. 11 Fundamental eigenvalue transition in accordance with the ap-
plied compression force magnitude.

The deformation profile at each arc length stage is shown in Fig. 9.
It is shown that the deformation rapidly grows after the buckling
load is attained. The tip displacement in accordance with the ap-
plied load magnitude is plotted in Fig. 10. It is shown that the
displacement-load relation bifurcates when the applied load exceeds
approximately 160 gf. When the applied load is less than 160 gf, the
response is hardly observed in the plot since the plot moves almost
straight up from the origin along the longitudinal axis. To specify
the buckling load, the lowest eigenvalue of the stiffness matrix at
the predictor stage of Newton's method is computed (Fig. 11). The
lowest eigenvalue reaches zero when the compressive force is 165
gf. After the buckling load is reached, the stiffness matrix becomes

20

§-3 10

o

-20 0 100 172 200
Compressive force '& '

Fig. 12 Fundamental frequency in accordance with the applied mo-
ment for small wiggle beam.
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Fig. 13 Elastic pendulum under gravity.
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Fig. 14 X displacement of elastic pendulum tip.

indefinite. For verification, the analytical Euler buckling load P was
computed as follows:

I = 174 gf (48)

Computational results (165 gf) agree with the buckling load within
an accuracy of 8%. To clarify the source of the 8% error, the initial
deformation is reduced 10 times and the buckling load is recalcu-
lated. The fundamental frequency transition, in accordance with the
applied moment, is shown in Fig. 12. The zero eigenvalue (buckling
load) is reached when the applied moment is approximately 172 gf,
which well agrees with the analytical buckling load. The 8% buck-
ling load error for the first computation is, therefore, thought to stem
from the initial deformation of the beam.

C. Elastic Pendulum Under Gravity Field
The model beam is a solid aluminum beam of length 1000 mm. In

the initial state, the beam lies on the global ;c axis. The beam experi-
ences a pendulum motion in the x-y plane due to the gravity, which
orients (100, 30, 0) in the global coordinate (Fig. 13). Newmark
integration is employed to compute the transient response of the
pendulum. The jc-direction displacement of the tip node (Fig. 14)
shows that the fundamental frequency of this pendulum is approxi-
mately 0.6 Hz. According to elementary dynamics, the fundamental
frequency / of a rigid pendulum of length L is equal to

(49)

where g denotes the gravitational constant. Substituting g = 9800
mm/s2 and L = 1000 mm into Eq. (49), the analytical solution
is given as / = 0.61 Hz, which well agrees with the computed
frequency (0.6 Hz). This agreement verifies that the proposed
method can well approximate rigid body motion even though the
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method does not possess any variable which explicitly represents
rigid body motion.

V. Conclusion
Direct strain measure is nonlinear kinematics for the finite ele-

ment analysis on beam structures under large deformation and finite
rotation. Strain components are directly extracted from the current
nodal variables: nodal position in the global coordinate system and
Euler parameter to describe the rotation from the initial nodal orien-
tation to the deformed nodal orientation. The internal force and the
tangent stiffness matrices are derived in a straightforward manner to
constitute a Newton's method solution sequence. Computational re-
sults indicate that a nonlinear finite element program based on the
proposed direct strain measure yields accurate simulations as long
as the angular deformation per element is less than 0.5 rad.
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